We present an analytic study of cosmic superconducting chiral string collisions in Minkowski space, applying the kinematic constraints that arise from the relevant generalization of the NambuGoto action. In particular, we revisit the solution for chiral superconducting cosmic strings and demonstrate that Y junction production for such strings is possible. We consider the collision of chiral current-carrying straight strings and obtain the region in "angle-velocity" space that allows the production of string junctions. This study contributes to the understanding of the complex evolution of chiral superconducting string networks.
I. INTRODUCTION
Cosmic string networks are theoretically predicted relics of early universe physics that can survive until the present day. More than four decades after their prediction by Tom Kibble [1] , cosmic strings still attract attention as a generic byproduct of a wide range of inflationary and high energy particle physics models: brane inflation [2] [3] [4] [5] [6] [7] [8] , supersymmetric grand unified theory [9] [10] [11] [12] [13] [14] , and other models of inflation [15] [16] [17] and particle physics [18] [19] [20] [21] . The diversity of these models endows cosmic strings with different properties. Some of them, strings arising in models of the brane inflation type, can feature Y junction configurations produced by string collisions. Kinematic treatment via the Nambu-Goto action allowed the study of the dynamics of Y junctions and revealed the conditions that the relative orientation and velocity of the colliding strings must satisfy in order to create a junction [22] [23] [24] . Analytic studies were later confirmed by numerical field theory simulations [25, 26] .
At the same time, a number of models suggest the presence of non-trivial internal structure on cosmic strings. This can be caused by a coupling between the field forming the cosmic string and other fields, by trapped charged fermion modes along the string [27] (which is common in supersymmetric models [28, 29] ), by trapped vector fluxes on non-Abelian strings [30] , and other specific mechanisms (for example breaking of an accidental symmetry in SU(2) strings [31] ). The first example of an effective description of such charged strings was done for superconducting strings in [27] . This subsequently led to the appearance of a number of different effective models aiming to capture the diversity of string properties by effective worldsheet currents [32] [33] [34] [35] [36] [37] [38] [39] .
We anticipate that Y junction production can also arise more generally for strings with non-trivial structure. A * Ivan.Rybak@astro.up.pt † Anastasios.Avgoustidis@nottingham.ac.uk ‡ Carlos.Martins@astro.up.pt
comprehensive study of such a situation was presented in [40] . Specifically, the authors of [40] considered collisions of strings with electric current (time-like state parameter κ < 0 -see Section II below for a more precise definition of κ) and magnetic current (space-like state parameter κ > 0). It was found that for such strings the collision cannot lead to the formation of Y junction, unless the newly formed string is described by a more general equation of state. The current work aims at studying the kinematic constraints for colliding strings with chiral type of current (κ = 0), which was not covered in [40] . We show that the junction production for such strings is possible. In particular, we quantify the influence of the chiral current on the dynamics of Y-junctions and "angle-velocity" restrictions for Y junction production.
II. SOLUTION IN MINKOWSKI SPACE FOR STRINGS WITH CHIRAL CURRENTS
In this section we consider the superconducting string solution described by the general action [41] 
where f is an arbitrary function, µ 0 is a constant defined by the symmetry breaking scale with dimensions [Energy] 2 and
with Levi-Civita symbol ε ac , induced metric on the string worldsheet γ ab and (2a) defining the state parameter.
The chiral condition corresponds to the case when
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The chiral condition (3) doesn't imply that the current disappears, it just means that the current is described by a null (light-like) vector. Let's obtain the equations of motion, and then take the limit (3). The equations of motion for the action (1) can be written in the form
with
where
and
where the limit (3) has been taken. To find an exact solution, we will follow the method developed in [42] . To do so, we need to find a parametrisation of the worldsheet such that the usual (without current) equations of motion for the string are valid
which requires that
where η ab is a 2x2 Minkowski metric. In order to show that it is possible to choose such a parametrization, to satisfy relations (8) and (9), we repeat the procedure from [42] , i.e. study the T ab determinant
Note the absence of µ 0 comparing with [42] . If the expression (10) is equal to detη ab = −1, there should exist a parametrization that allows to satisfy conditions (8) (9) . Recalling that f → 1 for the chiral current, we see that the second and third terms in the Eq.(10) should be zero. Using the chiral condition (3) one can show that Trθ a c = 0 and detθ a c = 0 (details can be found in [42] ). As a result, for chiral currents it is possible to choose a parametrization that leads to equations of motion (8) , the general solution of which is
where a(σ + τ ) and b(σ − τ ) are arbitrary vector-valued functions.
We still need to consider the equation for the field ϕ (5). Using the definition (7), we rewrite equation (5) explicitly
At the same time, it is seen that from equations (9) and (6) we can obtain the following relations
Let's use the calculated expressions (13) in equation (12) . Recalling the proven identity (9), we obtain the following construction
Simplifying the expression (14) we obtain the final equation for the field φ as
Using the condition θ ab φ ,a φ ,b = 0 together with (6) and (9) , one can conclude that
Let's recall that (15), (16 
where 1 2 was chosen for convenience and in the later discussion we will use the " + " sign, which does not reduce the generality of these considerations.
There are additional constraints that should be imposed. These conditions can be obtained by considering the metric γ ab . The equation for the metric components that arises from the chiral condition is
Using the definition γ ab = x µ ,a x µ,b for (18), we obtain the equatioṅ
which allows us to conclude that
Using the identity θ ab θ bc = 0 and (9) together with the fact that θ ab and γ ab are symmetric, we can conclude
Calculating the "01" components in equation (21), we conclude that
and with the condition (21), one can obtain the final connection between the solutions (11) and (17) 1
One can show that components "00" and "11" for equation (21) coincide with equation (23) . As a result, we obtained the general solution for the superconducting string (11), (17) together with condition (23) for any type of chiral current. The difference between the obtained solutions and previously studied particular cases [35, 42, 43] appears only in the multiplier ∂f ∂κ − ∂f ∂∆ in the equation (23).
III. JUNCTIONS WITH CHIRAL CURRENTS
Let's consider the dynamics of junctions for currentcarrying strings. For electric (time-like current κ < 0) and magnetic (space-like current κ > 0) regimes of currents on strings see [40] . Here we present the corresponding result for the chiral current κ = 0, which has not been studied to date.
Let's start from the definition of the action for three connected strings [44, 45] with adaptation for the presence of a current φ [40] 
where S i refers to the form of the action (1), g i is a Lagrange multiplier for the current, Φ defines the value of the current at the point where the three strings are connected and the index i = 1, 2, 3 denotes each of the three strings.
Varying the action (24) with respect to x µ i and φ i , we obtain the usual equations of motion (4) and (5) . The boundary terms proportional to δ(s i (t) − σ i ), using (9) and (15), can be expressed as and g i provides us the following relations
It is seen that for the chiral current the situation is similar to the one considered in [22, 23] , i.e. we can separate the string solution in ingoing and outgoing modes. As a result, the modes that move outwards from the junction are determined by the ingoing modes. However, the situation with the current is a bit more subtle. The current on a string propagates only in one direction. Additionally, while we know the properties of the colliding strings (in particular we know D for both strings) it is not clear how to define the value of D for the new string. Should it be a free parameter, or can it somehow be restricted by other arguments as it was done for the tension of superstrings [46] ? For now, we assume that D is a free parameter defined by kinematic constraints.
A. Collisions of identical strings
Let's consider the collision of two identical strings
, assuming D 3 is a free parameter. We can choose the parametrization of the colliding strings in the same way as it was done for strings without currents [22, 23] , i.e. all vectors b represent modes that are moving towards the junction, while a are outgoing modes. From (17) it is seen that the choice of the sign of τ for the function F defines the current direction on a string. Hence, we can choose whether the current propagates toward the vertex between strings or outwards. Without loss of generality, let's consider the collision of strings in which currents are moving towards the junction, see figure 1 .
In this situation the string solution together with the current can be written as
Initial conditions Solution Therefore, the third string ansatz has to be
Using solutions (28), (30) we can rewrite (25) with (26) 
Differentiating (27) we obtain
where X µ = (t, X(t)) and I = 1, 2. As it was done above, manipulating vectors a i and b i , it is possible to obtain the following equations forṡ i
Squaring equations (34) and using the normalization conditions (29), (31) for |a i | and |b i |, we obtain equations forṡ i as functions of F i and the angles between b i . Since we know the values of F I , to solve equations forṡ i we need to find F 3 . By using the second line in (33) one can obtain
To define the string junction completely, we also need to find D 3 , which can be achieved by using the second line of relations (32) . It provides the following equation
We can solve numerically equations (34) taking into account conditions (35) and (36) for different values of the current F I . The result of these calculations for orthogonal vectors b i is shown in figure 2 , where the orthogonality was chosen just for explicit demonstration of the current's influence on string growth/decrease rate.
B. Collisions of non-identical strings
In the situation when colliding strings are not identical, i.e. they have different values of tensions µ 1 = µ 2 or/and currents F 1 = F 2 , it is seen from the second line of (33) that the system has an additional restriction forṡ I . This leads to an overdetermined system of equations (32), (33) . A similar problem appeared in the work [40] , where the magnetic and electric regimes were studied.
A possible resolution of this issue is to assume that vectors b i are not completely independent. We need to fix at least one angle between the vectors b i . This means that this angle should have a specific value during the whole evolution, in contrast to angles for strings without currents. Such an example is illustrated in figure 3 .
We should notice that there is another possible way to escape the situation when equations for the junction are overdetermined. As it was described in [41] the properties of strings, such as tension, mass per unit length and equations of motion depend on the product DF 2 . It is always possible to multiply the function F 2 by a constant and divide D by the same constant, keeping all string properties and the equations of motion unchanged. In other words, imposing string properties we restrict the product DF 2 rather than F 2 and D separately. This kind of rescaling provides an additional degree of freedom to avoid the situation when the junction equations (25)- (27) are overdetermined.
Let's define
The values of colliding strings P 1 , P 2 are known. We need to define P 3 for a new string, which can be obtained from equations (32) and (33)
Equations (33) can be automatically satisfied by a proper adjustment of F i and D i that leaves the value of P i unchanged. Substituting the equality (37) into equations (34) one can findṡ i and P 3 . The result of such calculations is shown in figure 4 . There is no necessity to determine F i and D i for the strings explicitly, since only their combinations in the form of P i have an influence on the dynamics of junctions. 
IV. COLLISION OF STRAIGHT CHIRAL CURRENT-CARRYING STRINGS A. Collisions of straight identical strings
Similarly as it was done above, we can consider a collision of straight strings with currents and find conditions which allow the formation of a junction in Minkowski space. Let's firstly consider the collision of two identical strings
In the first place we need to build an appropriate solution for straight strings with currents, i.e we need to find vectors x 1,2 for straight strings that can satisfy the previously described properties. It can be done in the following way
where vectors x i are defined in the same way as for ordinary straight strings in Minkowski space [22, 23] x 1,2 = −γ −1 σ cos α; ∓γ −1 σ sin α; ±υτ ,
Now we need to understand which form of vectors z i should be chosen in order to be in agreement with properties (20) , (22), (23) . Using the form of the string (39), we can try the following ansatz where f i are arbitrary functions. One can form ingoing and outgoing components from (11)
which are normalized as
Comparing the result for straight strings with equalities (20) , (22) and (23), we can conclude that
Let's consider the linearised contribution from the current
where ϕ i are constants and for straight strings are determined as ϕ i = P i . Applying the same method as in the work [23] , we can solve the kinematic equations (34) for straight strings with currents and find out for which range of velocities υ and angles α the production of a junction is possible (ṡ 3 > 0). Solutions for different values of the current are shown in figure 5 .
As we see in figure 5 , when the contribution from the current ϕ 1,2 increases the area that allows junctions production is growing. Decrease of the value ϕ 1,2 leads to smaller area of junctions production. While the negative value of the current can reach its minimum ϕ 1,2 = −1, Figure 5 . Range of parameters: velocity υ and angle α, which allow the junction production (ṡ3 > 0) for the case when the heaviest string has the tension µ3 = 1.4 µ1 = 1.4 µ2. It is seen how the region of junction production depends on the value of colliding strings currents (we also assumed ϕ1 = ϕ2).
the positive value of the current is limited by the relation of string tensions. We are going to estimate this limit. Let's consider the string collision for the angle α = 0. For this particular situation, using equations (34), one can show that the physically meaningful solution for velocity is given by the expression
while the solution for cos α when v = 0 is given as
From solutions (45) and (46) we can conclude that the contribution from the current is restricted by the equality
At the same time, we should notice that the maximal velocity is reached when
which is smaller than the maximal possible value of ϕ max .
B. Collisions of straight non-identical strings
Here we use our freedom to change F i and D i keeping the value P i = D i |F i | 2 constant. In this situation we avoid that equations for junctions are overdetermined and we can consider the collision of straight strings with different tensions. Let's start from the following ansatz
where γ
, u is the third string velocity and the angle θ defines the orientation of this string.
The current-carrying ansatz we use has the form
We have two additional undefined parameters which characterize the new string: u and θ. To determine them we are going to use the equations for the junction dynamics. To do so we need to take the derivative of y 3 with respect to time at the point σ 3 = s 3 (τ )
and use equations (33), (34) to express the vectorẊ as a linear combination of vectors b i . These additional equations define the angle θ and velocity u for the third string. Now we can repeat the same procedure as in the section IV A: we build vectors y i by using (38) , calculate ingoing and outgoing parts from (41) and obtain that conditions (42) are valid for vectors (49), (50) as well. We use the linear contribution from the current in the form (44) . Defining the values of the third string P 3 by (43) we use equations (34) , (37) together with (33), (34) and (51) complete the calculation and find out for which v and α the growth rateṡ 3 = 0. The result is shown in figure 6 . Range of parameters: velocity υ and angle α, which allow the junction production (ṡ3 > 0) for the case when string tensions are µ1 = 1, µ2 = 1.2, µ3 = 1.4. It is seen how the region of junction production depends on the value of colliding strings currents (we also assumed ϕ1 = ϕ2).
V. CONCLUSIONS
In section II we extended the exact solution for chiral superconducting strings in Minkowski space for the generalized string action of the form (1). The final solution is different from previously studied particular cases [35, 42, 43] only by the constant multiplier D. This constant is defined by the form of the current dependence in the the action.
Using the solution from section II, we considered junction dynamics for strings with chiral currents. We used the assumption that the current on the third string (the string created by the collision) is not defined by fundamental principles and can be treated as a free parameter that can be found from kinematic constraints. We showed that when two identical strings collide it is possible to describe the dynamics of a junction without having an overdetermined system of equations. At the same time, if two colliding strings are not identical, the equations impose additional constraints for the ingoing vectors of string solutions b i .
Meanwhile we should remember that the string action (1) is just an effective way to describe strings with currents. This fact implies that if we want to guarantee given string properties we do not need to define both string parameters F and D. We have a rescaling freedom to make F and D arbitrary, keeping the combination F 2 D unchanged. This transformation freedom allowed us to consider junction dynamics without establishing any correlations for vectors b i .
It is important to specify the difference between chiral strings, considered in this paper, and electric/magnetic strings studied in [40] . Due to the chiral conditions (Eq. 3), the different Lagrangians (with different values of the coupling constants or functional forms of the κ and ∆ dependence) contribute to the analytic solution of the equations of motion and equation of state only as additional multipliers, which is not the case for electric and magnetic strings. If these additional multipliers D and values of currents F 2 are not fixed separately (since they appear in equation of state only as a combination F 2 D), they allow enough freedom to avoid the overdetermination issue for the case of the chiral current. This approach is specific to the chiral type of current and won't change the previously obtained result for magnetic and electric cases [40] .
Despite of different possible resolutions to avoid overdetermined equations, we found out that in all cases the influence of currents has a similar tendency: the rate of strings growth/decrease |ṡ i | slows down when the string current increases. Moreover, some values of the current can even swap the junction dynamics, i.e. heavier strings for particular configurations can start to grow instead of decreasing. This feature might play an important role for the string network evolution.
In section III we studied the collision of straight superconducting chiral strings. We demonstrated that an increase of the current makes the area of junctions production bigger, while a decrease leads to the smaller "velocity-angle" region where strings can create a Y junction. Additionally, we noticed that there is a maximal value for the current contribution that still can allow production of junctions, while the negative value is not limited and can reach up to ϕ = −1.
To conclude, we want to highlight that in spite of the possible resolution for the overdetermined system of equations, this problem needs further investigation. It should be clarified whether it is possible to implement additional constraints on the junction properties or maybe in contrast, whether it is possible to relax the imposed conditions by new degrees of freedom. Another approach should come from numerical simulations in field theory [47, 48] . New computations in this direction would be particularly useful, shedding more light on this intriguing problem.
